In this work, we study the effects of non-Condon vibronic coupling on the quantum coherence of excitation energy transfer, via the exact dissipaton-equation-of-motion (DEOM) evaluations on excitonic model systems. Field-triggered excitation energy transfer dynamics and two dimensional coherent spectroscopy are simulated for both Condon and non-Condon vibronic couplings.
I. INTRODUCTION
The long-lived quantum beats in the coherent excitation energy transfer (EET) in biological light-harvesting systems have drawn plentiful attention in the past decade. [1] [2] [3] [4] Two dimensional (2D) spectroscopy studies indicate that both electronic and vibrational coherence and their entanglement are responsible for this phenomenon. [5] [6] [7] [8] [9] This interpretation is confirmed by many theoretical works in the framework of the Franck-Condon approximation. [10] [11] [12] [13] In the meanwhile, however, the non-Condon vibronic coupling is also proposed to enhance the quantum coherence in many organic and biological molecular systems. [14] [15] [16] To obtain a better understanding of the origin of quantum coherence in EET dynamics, the interplay of the Condon and non-Condon vibronic coupling effects deserves more theoretical investigations.
In studying the vibronic coupling effects, we need an integrated theory to handle both the excitonic system and the vibrational environment. On the other hand, the nonlinear nature of 2D spectroscopy calls for non-perturbative and non-Markovian treatments, based on such as the hierarchical equations of motion (HEOM) approach. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] However, HEOM focuses primarily on the reduced system only, despite it involves a vast number of auxiliary density operators, which are purely mathematical quantities. As an alternative exact approach for open systems, the recently developed dissipaton equation of motion (DEOM) theory [28] [29] [30] provides a quasi-particle dissipaton picture for the hybrid bath, and identifies its dynamical quantities as multi-body dissipaton density operators. In this manner, the DEOM is capable of treating both system and hybrid bath dynamics non-perturbatively. On describing reduced system dynamics, the DEOM recovers the HEOM method. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] The optimized DEOM formalism with damped Brownian oscillators can be constructed for studying the system dynamics under the influence of solvent fluctuations and intramolecular vibrations. [31] [32] [33] [34] The DEOM further enables us to directly investigate the solvation bath dynamics. In fact, it has been successfully applied in studying a variety of Fano-type interferences, 29, 35, 36 quantum transport current shot noise spectrum, 30 and solvent-induced non-Condon polarization effects.
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In this work, we study the influence of non-Condon vibronic coupling on the coherent EET dynamics in excitonic model systems and compare it with the Condon counterpart, via the DEOM approach. In simulating the electronic excitation of the system, the vibrational coordinates are explicitly involved in the transition dipole moments. This accounts for the non-Condon vibronic coupling under the Herzberg-Teller approximation. 14, [38] [39] [40] [41] We model these vibrational modes in terms of underdamped Brownian oscillators (BOs). 32, 34, 42 The underlying non-Condon effects are therefore studied via the hybrid bath dynamics in the DEOM framework. 37 In the Franck-Condon approximation, however, the transition dipole moments are independent of nuclear coordinates and the underdamped BOs merely serve as the vibrational environment. Based on our simulations on field-triggered EET dynamics and coherent 2D spectroscopy, we conclude that the non-Condon vibronic coupling facilitates the dynamical electronic-vibrational energy transfer and enhances the total system-and-bath quantum coherence, at both cryogenic and room temperatures. While both the Condon and non-Condon vibronic coupling elongate the quantum beats, the non-Condon polarization improves the quantum yield of the excitonic system. This paper is organized as follows. In Sec. II, we first set up an excitonic multichromophore system and model its surrounding environment with multiple Brownian oscillators, then briefly review the DEOM method and exemplify its application on the hybrid bath dynamics for non-Condon polarization effects. In Sec. III, we present the simulation results of field-triggered EET dynamics and coherent 2D spectroscopy for excitonic dimer systems, and compare the non-Condon and Condon vibronic coupling effects. The temperature dependence of these two effects is also discussed. Finally, we conclude this work in Sec. IV.
Throughout this paper, we set = 1 and β = 1/(k B T ), with k B and T being the Boltzmann constant and temperature, respectively.
II. METHODOLOGY A. Model Setup
Consider an excitonic multi-chromophore system embedded in an equilibrated thermal bath. The total composite system-and-bath Hamiltonian is summarized as H T = H S +H SB + h B . The excitonic system Hamiltonian reads
Here, the ground state energy ǫ g is often set to be zero, whereas the diagonal onsite energies and inter-site couplings denote {ǫ a } and {V ab }. The electronic dipole moment of each chromophore isμ a = µ a (X a )(|g a| + |a g|), where the transition matrix element µ a (X a ) depends on the nuclear coordinates X a . This form in fact accounts for the non-Condon coupling under the Herzberg-Teller approximation. 39 In the Franck-Condon limit, µ a (X a ) becomes a constant without dependence on X a .
The thermal bath is modeled as numerous harmonic oscillators, h B = j ω j (p 2 j + x 2 j )/2, and the system-bath coupling takes the factorization form, i.e.,
whereQ a = |a a| is a system operator andF a = j c aj x j is a linear collective bath operator. The bath influence on the reduced system can be entirely characterized by the hybrid bath spectral density J ab (ω) = π 2 j c 2 aj δ(ω − ω j ), or the macroscopic bare-bath correlation function (setting t > 0 hereafter),
withF a (t) = e 
The second expression, where the associate indexk goes with γk = γ * k , reflects the fact that γ k and γ * k must both appear if they are complex. Apparently,k = k for a real γ k . For the bath spectral density, we adopt the multiple Brownian oscillators (BOs) model. 
with λ BO , ω BO and ζ BO being the reorganization energy, vibrational frequency and the phonon linewidth, respectively. The Huang-Rhys factor that reflects the exciton-phonon coupling strength is defined as S = λ BO /ω BO in the free-oscillator limit. The underdamped BO is characterized by ζ BO /2 < ω BO , and is often adopted to describe intramolecular vibrations.
In the strongly overdamped region (ζ BO /2 ≫ ω BO ), Eq. (5) 
This spectral density is often used to model diffusive solvent fluctuations.
32,33
B. The DEOM theory
In DEOM, the dissipaton decomposition of the hybridization bath operatorF a followŝ
Each dissipatonf ak corresponds to an individual exponential term in Eq. (3) or Eq. (4), described by
The same damping exponent along the time forward (>) and backward (<) pathways highlights the diffusive nature of dissipatons. 28, 29 The above dissipaton description of bath correlation is mathematically valid, and can be further simplified withk = k for individual real-colored dissipaton in the Smoluchowski diffusive limit. For an underdamped BO, there exists a pair of dissipatons with complex conjugate damping exponents, γk = γ * k . In this case, a more physically comprehensive interpretation that involves second quantization treatment can be put forward, which neatly reflects the quasi-particle nature of dissipatons. Detailed derivation and interpretation on this issue will be published elsewhere.
Dynamical variables of DEOM are the so-called dissipaton density operators (DDOs), defined as
Here, ρ T (t) is the total system-and-bath composite density operator, and tr B denotes the trace over bath degrees of freedom. The dissipaton operators product inside the circled parentheses is irreducible. The notation here follows (c-number) • = 0, and bosonic dissipatons are permutable, f akfbj • = f bjfak • . In Eq. (9), n ≡ {n ak } and n ≡ ak n ak , with n ak being the participation number of individual dissipaton. Apparently, ρ (0) = tr B ρ T = ρ S is the reduced system density operator. Those {ρ (n>0) n } specify n-body dissipaton configurations, which account for the hybrid bath dynamics. Denote also the adjacent (n ± 1)-body quanti-
, with the index n ± ak differing from n by n ak ± 1, at the specified dissipaton. The multi-body DDOs form the hierarchy structure and they are dynamically linked together via the irreducible notation in Eq. (9) and the generalized Wick's theorem 28, 29 :
and tr B akf n ak ak
where we use the following relation [cf. Eq.
Equations (10) and (11) accomplish the most significant part of the DEOM theory. They are adopted not only in deriving the fundamental DEOM formalism below, but also for evaluating dynamics of hybrid bath quantities.
28,29,37
The DEOM formalism can be derived via the established dissipaton algebra.
28, 29 The final results readρ
where L SÔ = [H S ,Ô] defines the system Liouvillian and
Equation (12) [17] [18] [19] [20] [21] [22] [23] [24] [25] This fact has been justified by many DEOM-based studies on Fano interference, current shot noise, and solvent-induced non-Condon polarization phenomena. 29, 30, 35, 37 In this work, we also illustrate the DEOM study of hybrid bath dynamics for non-Condon vibronic coupling effects.
n } is introduced as the DEOM-space extension of a dynamical variable,Â, in the system-andhybrid-bath subspace. According to Tr(Ȧρ T ) = Tr(Âρ T ), we immediately obtain the DEOM in the Heisenberg picture 32, 47, 48 ,
The involving superoperators in Heisenberg picture readÔL S ≡ [Ô, H S ] and
The Heisenberg picture dynamics is equivalent to the Schrödinger picture counterpart, since the expectation value of any physical observable is of prescription invariance. Furthermore, the mixed Heisenberg-Schrödinger picture dynamics has been implemented in the DEOM/HEOM method, for efficient evaluations of nonlinear correlation and response functions. 37, 47 In addition, an efficient and prescription invariance truncation scheme is also developed for the DEOM/HEOM evolution in both Schrödinger and Heisenberg pictures. Under the dipole approximation, the matter-field interaction is given by H mat-fld (t) = −V ε(t), with the external field being ε(t), and the total dipole moment
Here, µ a (X a ) andD a = |g a| + |a g| are the transition matrix element and electronic operator, respectively. The non-Condon vibronic coupling under the Herzberg-Teller approximation involves the nuclear coordinate dependence in the dipole moment, for which we consider the simple form
where the hybrid bath operatorF BO a is associated with an underdamped BO. In the FranckCondon limit, the dipole moment element is a constant, with µ a (X a ) = µ a .
The linear absorption lineshape is simulated via
The Fourier integrand in the first line defines the dipole-dipole correlation in the total system-and-bath space, with ρ eq T being the equilibrated total density operator and L T the total Liouvillian, while the one in the second line is the DEOM-space equivalence. In numerical implementation, the DEOM-space evaluation is carried out following the established dissipaton algebra, 28, 29, 37 including the dissipaton decomposition of bath operator in Eq. (7), the generalized Wick's theorem in Eqs. (10) and (11), and the ordinary DEOM evolution via Eq. (12). 
Here, ∆ω = ω − ǫ where ǫ is the excitonic onsite energy, and I 0 (ω) = Re
denotes the result in the Franck-Condon limit, with g(t) being the well-known lineshape function for the simple two-level system. 45 We have verified that the analytical solutions are identical to the results in Fig. 1 . In the Condon limit, which corresponds to µ ′ = 0, we observe the sharp zero-phonon transition peak at ∆ω = −20 cm −1 , and small vibrational signals about ω B away on both red and blue sides. As µ ′ is tuned up, i.e., the non-Condon transition increases, the zero-phonon transition peak decreases and vibrational excitations become prominent. The absorption lineshape would develop into two continuum bands when BO goes to the super-overdamped region. This is equivalent to the solvent-induced non-Condon polarization effect, which has already been studied in our previous work. Last but not least, we note that the appearance of the vibrational peaks may be caused by not only the non-Condon transition, but also the strong Franck-Condon vibronic coupling.
In the latter case, the peaks are red shifted instead, as shown in Fig. 3 . To distinguish the above two causes experimentally, one can examine the mirror symmetry between the absorption and emission spectroscopies. 38 While the Franck-Condon approximation results in symmetric lineshapes, the non-Condon effects preferentially enhance the vibrational peaks on the blue side in both the absorption and emission spectroscopy. 
III. RESULTS AND DISCUSSION
In this section, we discuss the simulation results of field-triggered EET dynamics and We also find that the non-Condon vibronic coupling enhances the quantum yield of the excitonic system. This effect becomes more obvious at the room temperature (298 K), which indicates a stronger electronic-vibrational energy transfer therein. In comparison, the Condon vibronic coupling does not vary the final population significantly. This finding highlights the dynamical interplay between excitation of the system and non-Condon polarization of the vibrational environment.
In the meanwhile, it is shown that these two kinds of vibronic couplings result in similar population oscillation, indicating that the non-Condon vibronic coupling retains the electronic coherence of the reduced system. On the other hand, the total quantum coherence, including contributions from both reduced system and polarized vibrational environment, is enhanced, as discussed in the following section of the 2D spectroscopy simulations.
B. Coherent two dimensional spectroscopy
To investigate the dynamical electronic-vibrational interaction and the involving Condon and non-Condon effects, we further simulate the 2D spectroscopy for the dimer system. 2D coherent spectroscopy is a four-wave-mixing technique.
45,49,50 The multi-chromophore system is excited by three time-ordered laser pulses (with wavevectors k 1 , k 2 and k 3 ) separated by time interval t 1 and t 2 , and after a time-delay t 3 , the emitted signal is measured along the phase matching direction k s = ±k 3 ± k 2 ± k 1 . In this work, we simulate the pump-probe signal that consists of rephasing
configurations. 45, 49, 50 For simplicity, we adopt the rotating wave approximation and the impulsive limit.
45,49,50
The rephasing S k I and non-rephasing S k II signals are given by 45,47 and related respectively to the nonlinear optical correlation functions
In Eq. (21), the six Liouville-space pathways are expressed as 37,47 Here, all the involving operators and the propagator G(t) ≡ e −iL T t are in their block forms subscripted by "uv", where u, v ∈ {g, e, f }, with |g , |e and |f specifying the ground, singlyexcited and doubly-excited electronic manifolds. 47 The efficient evaluation of the DEOMspace equivalence of Eq. (22) the dashed horizontal line, covering both the excitonic DP and the electronic-vibrational CP. With the vibronic coupling, the duration of the quantum beats is elongated obviously.
As shown in the middle-and bottom-right panels, the vibronic CPs oscillate for at least 1 ps with both Condon and non-Condon vibronic couplings. For DPs, however, the oscillation with non-Condon coupling is more persistent than that with Condon coupling. Moreover, the non-Condon coupling results in larger oscillation amplitude. Evidently, the vibronic coupling facilitates the quantum coherence in the EET dynamics. In particular, the nonCondon transition greatly enhances the excitation of higher vibrational levels in the excited state. The subsequent vibrational energy relaxation preserves the long-lived coherence and amplifies the oscillation amplitudes in 2D spectroscopy.
In comparison with the results at 77 K, the 2D signals at 298 K are much broader, and the electronic and vibrational excitation peaks are not well separated, see Fig. 6 . However, in the right panels, we observe similar dynamics of the excitonic DPs and electronic-vibrational CPs as those at 77 K. Apparently, the vibrational energy relaxation at 298 K is more prominent than that at 77 K, see the middle-right and bottom-right panels in Fig. 5 and Fig. 6 for comparison.
In Fig. 7 , we further compare the oscillation amplitudes at the cryogenic and room temperatures of the excitonic DPs and vibronic CPs along t 2 , with all curves being scaled by the maximum of the pump-probe spectroscopy with pure Drude dissipation at cryogenic temperature (77 K). In both the Condon and non-Condon couplings, the quantum beats of the DPs and CPs last for more than 2 ps , and their amplitudes are still noticeable at room temperauture (298 K), about one-third of those at 77 K. In contrast, the quantum beats from purely electronic transitions are very short-lived, i.e., its coherence only lasts for 300 fs at 77 K and becomes even more transient at 298 K. Moreover, the non-Condon vibronic coupling further intensifies the vibrational oscillation amplitudes dramatically at both temperatures, in comparison with the Condon results.
Clearly, 2D spectroscopy detects both the excitonic system and the polarized vibrational environment. Our simulation results indicate that the vibronic coupling plays a dominant role in preserving the long-lived quantum beats, whereas the purely electronic coherence has minor contribution. This persistent quantum coherence is present at both cryogenic and room temperatures. Moreover, in comparison with the Condon counterpart, the nonCondon vibronic coupling greatly enhances the excitation of the higher vibrational levels in the excited electronic state, and the subsequent vibrational relaxation leads to the stronger quantum beats, in the t 2 -resolved pump-probe spectroscopy.
IV. CONCLUSION
In this work, we investigate the non-Condon virbonic coupling effects on the quantum coherence of the EET dynamics, via the non-perturbative DEOM simulations on excitonic model systems. Evidently, the DEOM is a unique theory in studying both the reduced system and the hybrid bath dynamics as well as their correlated quantum entanglement.
Our simulations on field-triggered EET dynamics and coherent 2D spectroscopy show that the vibronic coupling elongates the quantum beats at both cryogenic and room temperatures.
In particular, the non-Condon vibronic coupling facilitates the electronic-vibrational energy transfer and dramatically enhances the total system-and-bath quantum coherence. This work provides an insightful investigation on the origin of the quantum coherence, and may enrich the interpretation of the experimental nonlinear spectroscopy.
